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Abstract. Wc consider the semilinear elliptic equation Au = W'{u) with Dirichlet bound- 
ary conditions in a Lipschitz, possibly unbounded, domain C M". Under suitable assump- 
tions on the potential VF, we deduce a condition on the size of the domain that implies 
(D ' the existence of a positive solution satisfying a uniform pointwise estimate. Here, uniform 

^0 . means that the estimate is independent of fi. The main advantage of our approach is that 

it allows us to remove a restrictive monotonicity assumption on W that was imposed in 
the recent paper by G. Fusco, F. Leonetti and C. Pignotti [50]. In addition, we can re- 
move a non-degeneracy condition on the global minimum of W that was assumed in the 
latter reference. Our approach is based on a refinement of a useful result of P. Clement 
and G. Sweers [32], concerning the behavior of global minimizers of the associated energy 
over large balls, subject to Dirichlet conditions. As an application of our main result, we 
can generalize a result of P. Hess [54] and D. G. De Figueiredo [42], concerning semilinear 
elliptic nonlinear eigenvalue problems. Moreover, we study the length of the boundary layer 
of global minimizers of the corresponding singular perturbation problem. 

1. Introduction and statement of the main result 

A problem that has received considerable attention in the literature is the study of the 
structure of solutions (A, u) G Mx C^'"(P), depending on the nonlinearity /, of the semilinear 
elliptic nonlinear eigenvalue problem 

Au + \f{u) =0, X eV] u{x) = 0,xedV, (1.1) 

where V is typically a smooth bounded domain. To this end, the main approaches used 
include the method of upper and lower solutions, bifurcation techniques, topological and 
variational methods (see [62], [76], [78] and the references therein). 

Recently, G. Fusco, F. Leonetti and C. Pignotti considered in [50] the semilinear elliptic 
problem 

' Au = W'{u), xeQ, 

(1.2) 

M = 0, X e dQ, 

where f2 C M", n > 1, is a domain with nonempty Lipschitz boundary (see for instance [46]), 
under the following assumptions on the function : R — )■ M, which we will often refer 
to potential: 

(a) : There exists a constant fi > such that 

= Win) < W{t), t G [0, cx)), t ^ /i, 

W{-t) > W{t), t G [0,oo); 

(b) : W'{t)<0, t G (0,/i); 

(c) : M/"(/i) > 0. 
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For a typical example of such a potential, see (1.13) below. We stress that, in the case where 
the domain is unbounded, the boundary conditions in (1.2) do not refer to u{x) — )■ as 
— >■ oo with x Note that (1.1) can be related to (1.2) via a simple rescaling (see the 
relation between (3.9) and (3.10) below). 
For X e M", p > 0, we let 

B,{x) = {yeW' : |y-x|<p}, 5, = 5,(0), 

A + B = {x + y : X e A, y ^ B}, A,5cM", 

and denote by d{x, E) the Euclidean distance of the point x G M" from the set E C M", and 
by \E\, unless specified otherwise, the n-dimensional Lebesgue measure of E (see [46]). By 
O(-), o(-) we will denote the standard Landau's symbols. 
The main result of [50] was the following: 

Theorem 1.1. Assume VL and W as above. There are positive constants i?*, r* G (0,i?*), 
a* G (0, /i), /c, depending only on W and n, such that if VL contains a closed ball of radius 
i?*, then problem (1.2) has a solution u G C^(f2) fl C(Jl) verifying 

< u{x) < yu, X eVL, (1.3) 



and 
where 



fj, — a* < u{x), X G fiii* + Br*, 
p - n(x) < Ke-'"^^''^^^\ xen, 
Qr* ={xen : rf(x,afi) > R*}. 



(1.4) 
(1.5) 
(1.6) 



The approach of [50] to the proof of Theorem 1.1 is variational, involving the construction 
of various judicious radial comparison functions, see also [5]. In our opinion, their argument 
boils down to the construction of a lower solution to (1.2), see [15], whose building blocks, 
after a translation, are radial solutions of 

Am + a^{fi - m) = in Br (with < W"{n)), -Au = in Q\Br, 

and the constant function 0, for large R (note that assumption (b) implies that solutions of 
(1.2) are supharmonic). We note that, once (1.4) is established, the proof of the exponential 
decay estimate (1.5), given in [50], can be simplified considerably by employing Lemma 4.2 
in [47], making use of the non- degeneracy condition (c) (the constants in Theorem 1.1 can 
be chosen so that W"{t) > 0, t G [/i — a*,/i]). Moreover, an examination of the proof of 
Lemma 2.1 in [50] (see Lemma A.l herein) shows that assumption (a) above can be relaxed 
to 

(a'): There exists a constant /i > such that 

= W{fj.) < W{t), t G [0,p), W{t) > 0, t > /i, 

W{-t) > W{t), t G [0,/i]. 

The main purpose of this note is to show that relation (1.4) can be established in a 
simple manner without assuming the monotonicity condition (b), and in fact we will prove 
a stronger version of it. We will accomplish this, loosely speaking, by using translations of 
a solution of 

Am = W'{u), X G Br; u{x) = 0, x G OBr, 
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which minimizes the associated energy, as a lower solution after we have extended it by zero 
outside of Bpt- In passing, we remark that a similar monotonicity assumption to (b) also 
appears in [5], in the context of variational systems of the form (1.2), where : M" — )■ M, 
with the obvious notation (see also Remark 1.4 and Lemma A. 3 below). Moreover, we remove 
completely the non- degeneracy condition (c) from the proof of (1.4). 
Our main result is 

Theorem 1.2. Assume that Q is as above, and that W ^ satisfies (a'). Let e G (0,/i) 
and D > D', where D' is determined from the relation 

V{D')=fi-e, (1.7) 

where in turn U is the only function in C^[0, oo) that satisfies 

U" = W'(U), s > 0; U(0) = 0, lim U(s) = (1.8) 

s—¥oo 

(see Remark 1.1 below). There exists an R' > D, depending only on e, D, W, and n, 
such that if Q contains some closed ball of radius R' then problem (1.2) has a solution 
u e C^{n) n C{n) verifying (1.3), and 

H-e<u{x), X e + (1.9) 

where Qr> was previously defined in (1.6). Moreover, if W"{fi) > then estimate (1.5) holds 
true. 

As will be apparent from the proof, see in particular the comments leading to Proposition 
4.1 below, the delicacy of our result is that the constant D' is independent of n. 

Remark 1.1. The existence and uniqueness of such a solution U of the ordinary differential 
equation u" = W'{u) follows readily from (a') by phase plane analysis, using the fact that 
the latter equation has the conserved quantity e(s) = ^{u'Y — W{u), see for instance Chapter 
2 in [13] or page 135 in [82] (for a more analytic approach, we refer to [16]). We note that 

U'(s) > 0, s > 0. (1.10) 

Remark 1.2. Similar assertions hold for the Robin boundary value problem: 

Ou 

Au = W'(u), X eQ; — + b(x)u = 0, x G dQ, 

ou 

where u denotes the outward unit normal vector to the boundary of Q, assuming here that 
the latter is at least C^, with b G C^'^°'{dQ), a > 0, being nonnegative (so that the constant 
yU is a positive upper solution, see [74]). Moreover, as in [50], we can possibly study some 
problems with mixed boundary conditions. 

Remark 1.3. A sufficient, and easy to check, condition for the uniqueness of a positive 
solution of (1.2), in any smooth bounded domain, is W'{t)/t being strictly increasing in 
(0, cxd) (see [23]). Related conditions can also be found in [80]. Another sufficient condition, 
which on the other hand depends on the smooth bounded domain Q, is 

W'{t2) - W'ih) > X{ti - ts), t2>ti> 0, 

for some A < Ai, where Ai > denotes the principal eigenvalue of —A in Wq''^{^) (see [11], 
[75]). 
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In our opinion, Theorems 1.1 and 1.2 are important for the following reasons. If we 
additionally assume that W is even, namely 

W{-t) = W{t), teR, (1.11) 

by means of these theorems, we can derive the existence of various sign-changing entire 
solutions for the problem 

Au = W'{u), X e M". (1.12) 

This can be done by first establishing existence of a positive solution in a suitable large 
"fundamental" domain Qp C M", with Dirichlet boundary conditions on dQp, and then 
performing consecutive odd reflections to cover the entire space. In the case where 

Wit) = ^if-lY, teR, (1.13) 

then (1.12) becomes the well known Allen-Cahn equation (see for instance [70]). Assuming 
that W is even, namely that (1.11) holds true, then (1.2) has always the trivial solution. 
In this regard, the purpose of estimate (1.9) is twofold: In the case where Hp is bounded, 
it ensures that the solution of (1.2) (on Qp), provided by Theorem 1.2, is nontrivial. The 
situation of unbounded domains Qp can be treated by exhausting them by an increasing 
(with respect to inclusions) sequence {fin} of bounded ones, each containing the same ball 
Br>{xo), and a standard compactness argument, making use of (1.3) together with elliptic 
estimates and a Cantor type diagonal argument. The fact that the region of validity of 
estimate (1.9) increases, as n — )■ oo, rules out the possibility of subsequences of the (chosen) 
solutions Un of (1.2)„ on Qn converging, uniformly in compact subsets of Qp, to the trivial 
solution of (1.2) on Qp. Another approach for excluding this last scenario can be found in 
the proof of Theorem 1.3 in [28], based on a similar relation to (2.36) below (see also [44] 
and [70]). In this fashion, one can construct sign-changing solutions of (1.12) that belong to 
the following two main categories: 

• "saddle solutions" which vanish on the Simons cone if n is even (see [28], [40], and 
[70]). (Some care is required near the vertex of the cone, see [41], [53]). The ex- 
ponential estimate (1.5), in the case where Qp is the Simons cone, says that the 
corresponding saddle solution converges to fi as \x\ approaches infinity along certain 
directions. Analogous solutions exist in odd dimensions, for example when n = 3 one 
can show that there exists a solution which vanishes on all coordinate planes. 

• "lattice solutions" which include solutions that are periodic in each variable Xj with 
period Li, provided that Li, i = 1, ■ ■ ■ ,n, are sufficiently large (see [9], [48]). 

For other types of solutions, including solutions that have saddle structure in some coordi- 
nates and are periodic in the remaining ones, the so called "tick saddle" solutions, we refer 
the interested reader to the introduction of [50]. 

A completely different approach to the construction of sign-changing solutions of (1.12), 
mainly applied for potentials satisfying (a), (c), and (1.11) (the typical representative be- 
ing (1.13)), is based on the implementation of an infinite dimensional Lyapunov-Schmidt 
reduction argument, see [43], [44], [70], and the references therein. This approach produces 
solutions with less (or even without any) symmetry but is technically more involved. 

Our Theorem 1.2 can also be used to construct multiple positive solutions of (1.2), using 
estimate (1.9) to make sure that they are distinct, see Section 3 below. 
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Let us mention that for a class of potentials, including (1.13), the dependence of the set 
of solutions of (1.2), in one space dimension, on the size of the interval was studied for the 
first time in [29]. 

The outline of the paper is as follows: In Section 2, we will present the proof of our main 
result using two different approaches, both based on a special case of a radial lemma that 
we prove in Subsection 2.1. In Section 3, we will show how our main result can be used to 
produce multiple positive solutions of (1.2) to generalize an old result of P. Hess from 1981, 
where nonlinear eigenvalue problems were considered. In Section 4, we study the size of the 
boundary layer of global minimizers of the corresponding singular perturbation problem. In 
Appendix A, for completeness purposes, we will state some useful lemmas that we will use 
in this article. 

Remark 1.4. We recently found the paper [9], where it is stated that G. Fusco, in work in 
progress, has been able to remove the corresponding monotonicity assumption to (b) from 
the vector- valued Allen-Cahn type equation that was treated in [5]. After the first version 
of the current paper was completed, we were informed by G. Fusco that himself, F. Leonetti 
and C. Pignotti are working in a paper where, using the same technique developed for the 
vector case, they also extend the main result in [50] to more general potentials, without 
assuming (b). As we understand, the assumption (c) is still required in their approach. 



2.1. Minimizers of the energy functional on large balls. In this subsection, we will 
prove two lemmas concerning the asymptotic behavior of the minimizing (of the associated 
energy) solutions of (1.2) over large balls as their radius tends to infinity. The first one is 
essential for the proof of Theorem 1.2, and refines a result of P. Clement and G. Sweers [32]. 
The latter result is quite useful, and has been previously applied in singular perturbation 
problems (see [37], [58], and [60]). The second lemma, an extension of the first, is of inde- 
pendent interest and in particular allows for 1^(0) to be positive. Even though the first 
lemma is a special case of the second, we felt that it would be more instructive and more 
convenient for the reader to present them separately, since the more general second lemma 
is not needed for the proof of Theorem 1.2 and can be skipped at first reading. 

The following is our first lemma, which is motivated from Lemma 2 in [58] and Lemma 
2.2 in [60], whose origins can be traced back to [31, 32]. In these works, the weaker relation 
(2.11) below was established, which implies that assertion (2.3) holds but with constant D 
possibly diverging as n — )■ oo (see also Remark 2.2 below). Our improvement turns out to 
have interesting consequences in the study of the boundary layer of solutions of singular 
perturbation problems of the form (3.9) below, with A = 5"^ oo, see Remark 3.3 and 
Section 4 below. 

Lemma 2.1. Assume that W E satisfies condition (a'). Let e G (0,yu) and D > D', 
where D' is as in (1.7). There exists a positive constant R' > D, depending only on e, D, 
W and n, such that there exists a global minimizer uji of the energy functional 



2. Proof of the main result 




(2.1) 



which satisfies 



< ur{x) < fi, X e Br, 



(2.2) 
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and 

/X - e < ub{x), X e B{R-D), (2.3) 
provided that R > R' . (If necessary, we assume that W is extended hnearly outside of a 
large compact interval so that the above functional is well defined; clearly this modification 
does not affect the assertions of the lemma). 

Proof. Under our assumptions on W , it is standard to show the existence of a global mini- 
mizer ur G WI''^{Br) satisfying 

< ur{x) < /i a.e. in Br, (2.4) 

see [50], [72], and Lemma A.l herein (applied to the minimizing sequence converging, weakly 
in wI''^{Br), to ur). (The upper bound in (2.4) can also be derived from Lemma A. 2 below, 
see also the second proof of Theorem 1.2). By standard elliptic regularity theory [52], this 
minimizer is a smooth solution, in C'^{Br), of 

Am = W'{u) in Br; u = on OBr. (2.5) 

By the strong maximum principle (see for example Lemma 3.4 in [52]), via (2.4) and (2.5), 
we deduce that ur{x) < fi, x E Br, and that either ur is identically equal to zero or 
ur{x) > 0, X G Br (recall that assumption (a') implies that iy(0) < and W'{fi) = 0). 

By adapting an argument from Section 4 in [70] (see also Theorem 1.13 in [72]), we will 
show that Ur is nontrivial, provided that R is sufficiently large (depending only on W and 
n). (This is certainly the case when iy(0) < 0). It is easy to cook up a test function, and 
use it as a competitor, to show that there exists a positive constant Ci, depending only on 
W and n, such that 

J{ur; Br) < CiR"-\ say for R>2. (2.6) 
(Plainly construct a function which interpolates smoothly from /i to in a layer of size 1 
around the boundary of Br and which is identically equal to fi elsewhere, see also (2.35) 
below). In fact, as in Proposition 1 in [1] (see also [59]), it can be shown that 

J{ur; Bk) < CiK""-^ M K <R, R>2, (2.7) 

where the constant C*i > depends only on W and n (see also Remark 2.9, and the arguments 
leading to relation (2.36) below). On the other hand, the energy of the trivial solution is 

J(0; Br) = I W{Q)dx = C2R'', 
Jbr 

where C2 > depends only on W, n. From (2.6), and the above relation, we infer that Ur 
is certainly not identically equal to zero for 

R > CiC^^ + 2. 

We thus conclude that (2.2) holds. (In the above calculation, we relied on the fact that (a') 
implies that W{0) > 0; in this regard, see Remark 2.7 below). 

Since ur G C^{Br) is strictly positive in the ball Br, by (2.5) and the method of moving 
planes [24, 51], we infer that ur is radially symmetric and decreasing, namely 

n'^(r)<0, re{0,R), (2.8) 

(with the obvious notation). In this regard, keep in mind that if f G Wq''^{Br) is nonnegative, 
then its Schwarz symmetrization v* G Wq''^{Br), which is radially symmetric and decreasing, 
satisfies J{v*;Br) < J{v;Br) (see for example [25] and the references therein). We note 
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that, since is a global minimizer and thus stable (in the usual sense, as described in 
Remark 2.12 below), the radial symmetry of ur can also be deduced as in Lemma 1.1 in [3] 
(see also the related references in the proof of Lemma 2.2 below). In fact, the monotonicity 
property (2.8) can be alternatively derived by arguing as in Lemma 2 in [27], making use of 
the stability of the radial solution un (see also the proof of Lemma 2.2 below, and Lemma 
1 in [2]). Now, relation (2.6) and the nonnegativity of W clearly imply that 



/ \\\^UR\^ + W{uR)\dx<C,R'-\ R>C,C,' + 2. 



(2.9) 



Hence, by the mean value theorem and the radial symmetry of ur^ there exists a ^ G (-f , -R) 
such that 

i.e., 

\[u'R{Of + W{uR{0)<C,R-\ R>C,C^' + 2, (2.10) 

where the positive constat C3 depends only on W and n (for simplicity in notation, we have 
suppressed the obvious dependence of ^ on i?). Hence, from assumption (a'), and relations 
(2.8), (2.10), we obtain that 

Ur^H, uniformly in Br, as i? — )■ 00. (2-11) 

In the sequel, we will prove that the stronger property (2.3) holds true. 
For future reference, we note here that 

[u'jiiR)]'^ ^2W{0) as R^oo. (2.12) 

Indeed, let 

ER{r) = lWR{r)]'-W{uR{r)), re{0,R). (2.13) 
Thanks to (2.5), we find that 

Tl — 1 

Kir) = u"^u'^ - W\ur)u'^ = —{u'r)\ r G (0, R). (2.14) 

So, 

ER{R)=ER{i)- [u'^fdr, (2.15) 

where ^ G (f is as in (2.10). Now, observe that (2.9) and the nonnegativity of W imply 
that 



nR 

J r^'-^u'jifdr < CiR""-^, R > CiC^^ + 2, 



with C4 depending only on W and n. In turn, the above estimate clearly implies that 



[u'RYdr <2''~^Ci, R>CiC^^ + 2, 



and it follows that 

-R 



/ {u'fdr<2''CAn-l)R-^, R>CiCo^ + 2. (2.16) 
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The claimed relation (2.12) follows readily from (2.10), (2.13), (2.15), and (2.16). In fact, 
we have shown that R\Eji{K)\ remains uniformly bounded as i? — ?■ oo. 
We also consider the following family of functions 

URis)=uniR-s), se[0,R]. (2.17) 

We claim that 

Ur — )■ U, uniformly on compact intervals of [0, oo), as i? — )■ oo, (2-18) 

where U is as in (1.8). 
In view of (2.5), we get 

Ti — 1 

f/;^-- U'R-W'{Un) = 0, se{0,R). 

rC — s 

Making use of (2.2), the above equation, elliptic estimates [52], Arczela-Ascoli's theorem, 
and a standard diagonal argument, passing to a subsequence i?j — )■ oo, we find that 

UR^ V and U'r. — > V', uniformly on compact intervals of [0, oo), as i — )■ oo, (2.19) 

where V G C^[0, oo) is nonnegative and satisfies 

V" = W'{V), s > 0, and V{0) = 0. 

Moreover, by (2.12), (2.17), and (2.19), we see that 

[■l/'(0)]2 = 2W{0) > 0. 

By the uniqueness of solutions of initial value problems of ordinary differential equations, 
see for example page 108 in [82], we deduce that 

where U is as in (1.8). We also used that U, V are nonnegative (which implies that 
U'(0), V^'(O) are also nonnegative), and the relation 

[U'(0)]2 = 2W{0), (2.20) 

which follows from the identity 

[U'(s)]2 - [U'(0)]2 = 2 r W'(U)V'ds = 2W (U(s)) - 21^(0), s > 0, 

Jo 

and the fact that U(s) — >■ /i as s — )■ oo, recalling that W{fi) = (otherwise, U'(s) would 
tend to a nonzero number and in turn |U(s)| to infinity, as s — )■ oo). Moreover, by the 
uniqueness of the limiting function, we infer that the limits in (2.19) hold for all R ^ oo. 
Consequently, the claimed relation (2.18) holds. 

Having (2.12), (2.18) at our disposal, we can now proceed to the proof of (2.3). Let 
e e (0,/i) and D > D\ where D' is as in (1.7). By virtue of (1.8), (1.10), and (2.18), there 
exists a sufficiently large i?', depending only on e, D, W, n, such that Ur{D) > /i — e, and 
all the previous relations continue to hold, for R > R'. In other words, via (2.17), we have 
that 

ur{R - D) = Ur{D) > fi - e, R>R'. (2.21) 

The fact that ur is radially decreasing, recall (2.8), and the above relation imply the validity 
of (2.3). 

The proof of the lemma is complete. □ 
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Remark 2.1. Our assumptions on the behavior of W near its global minimum at /i are 
quite weak, and in fact even allow for the potential W to have C°° contact with zero at the 
point fx, that is W^'\fj.) = 0, i > 1. This de generacy translates into the absence of decay 
rates for the convergence of the "inner" approximate solution \J{R — |x|) (in the sense of 
singular perturbation theory, see [47] and the related references that can be found in Remark 
4.5 below), where U is as described in (1.8), to the "outer" one /i, away from the boundary 
of Bji, as i? — >■ oo (see also the discussion leading to (3.10) below). This is the main reason 
why we have not attempted to apply a perturbation argument, see for instance [47] and the 
related references in Remark 4.5 below, in order to study the asymptotic behavior of ur as 
R-^ oo. 

If W"{fi) > 0, then the convergence of U to /i is of order e~v^^^^ as s ^ oo (by the 
stable manifold theorem, see [33]), and one can effectively interpolate between the outer 
and inner approximations in order to construct a smooth global approximation that is valid 
throughout Br. 

Remark 2.2. By the well known relations \Br\ = CnR"', \dBji\ = nCnR"'~^, R > 0, n > 2, for 
some explicit constants c„ (independent of R), where \dB{i\ denotes the (n — 1) -dimensional 
measure of dB^, we find that 

\dBn\ n2" 



Br\B^ 



2" 



-R-\ R>0. 



We deduce that the constant R' in Lemma 2.1 diverges (at least linearly) as n — oo (see in 
particular the relations leading to (2.10)). 

Remark 2.3. If in addition to (a') we assume that there exists some d G (0,/i) such that 

W'{t)<0, te{fi-d,fi), 

(note that this is very natural), then relation (2.3) can alternatively be shown, starting from 
(2.21), without assuming knowledge of (2.8), as follows: Assuming, without loss of generality, 
that 2e < d, by adapting the proof of Lemma A.l below, we can find a radial u G W^''^{Bji^D) 
such that 

J{u; Br^d) < J{ur; Br^d), u{R- D) = ur{R- D), and u{x) E [ji - e, fi], x E Br_d. 
Thus, the function 

{m(x), X G Br^d, 
Ur{x), X G Br\Br^d, 

belongs in Wq'^{Br) and is a global minimizer of J{-;Br) in Wq''^{Br) (since J{u;Br) < 
J{ur] Br)). In particular, it is smooth, radial (and by virtue of its construction), and solves 
(2.5). It follows from Lemma 3.1 in [57], which is in the spirit of Lemma A. 2 below, that 
the function ur — u is either strictly positive, strictly negative, or identically equal to zero 
in Br, and obviously the latter case occurs. For completeness purposes, as well as for future 
reference, we will draw the same conclusion by an alternative and, to our opinion, more 
elementary approach: The function 

V = Ur — U 

solves the linear equation 

Aw + Q{x)v = 0, X G Br, 



10 



CHRISTOS SOURDIS 



where 



Q{x) 




if u{x) = ur{x). 



On the other hand, since 



= 0, X e Br\B(^r_d), 



and Q G L°°{Br), the unique continuation principle (see for instance [55]) yields that 



(In this simple case of radial symmetry, we can also make use of the uniqueness theorem 
of ordinary differential equations to show that v = 0). Therefore, estimate (2.3) holds. We 
remark that, if W was strictly decreasing in (/i — d,fi), then (2.3) follows at once from the 
general lemma in [7] (see Lemma A. 3 below) and (2.21). 

The approach that we just presented makes only partial use of the radial symmetry of the 
problem (in order to establish (2.21)), and may be applied to extend some results in [37] 
to the general case (without radial symmetry). Moreover, it can be applied to the study of 
vectorial global minimizers of energy functionals, as those appearing in Lemma A. 3 below, 
over Br. In this case, it is known that global minimizers are radial, see [63], but monotonicity 
properties do not hold in general. 



then Theorem 2 in [79] tells us that there exists a 5i G (0,/i) such that (2.5) has a unique 
solution such that 



where R> 0. In view of (2.2) and (2.3), which hold for all global minimizers (with the same 
R'), it follows that there exists a unique global minimizer of (2.1) if R is sufficiently large. 

If the stronger assumption W"{n) > holds (in other words (c)), then a simple proof of the 
uniqueness of the global minimizer, for large R, can be given as follows: One first shows that 
if a solution of (2.5) satisfies (2.2), (2.3), and (2.18) (recall (2.17)), then it is asymptotically 
stable for large R> 0. The key for this is the fact that U itself is asymptotically stable, which 
follows readily from the fact that it is increasing and (c) , via Sturm's theorem. Suppose then 
that ui and U2 are two distinct global minimizers of (2.1). By the proof of Lemma 2.1, they 
satisfy (2.2), (2.3), and (2.18) uniformly (independent of the choice of minimizers) as i? — ?■ oo. 
Thanks to Lemma 3.1 in [57] (see also Lemma A. 2 herein), without loss of generality, we may 
assume that Ui{x) < U2{x), x G Br. On the other hand, by the mountain pass theorem or the 
theory of monotone dynamical systems (see [42], [64] respectively, and Section 3 herein), we 
infer that there exists an unstable solution di of (2.5) such that ui{x) < ui{x) < U2{x), x G 
Br. In particular, the unstable solution enjoys the asymptotic behavior of global minimizers, 
as -R — )■ oo, and thus is asymptotically stable (by our previous discussion); a contradiction. 
A related uniqueness proof, based on a dynamical systems argument (but not of monotone 
nature), can be found in [2], see also [12]. 



v{x) = 0, X G Br. 



Remark 2.4. If W e C^- 



(M), < a < 1, satisfies (a') and 
W"{t) > for /i - t > small. 



(2.22) 



maxM(x) G (/i — (5i,/i) and — /i < u{x) < /i, x G Br, 

xGBr 
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Remark 2.5. If in addition to (a') we assume that W'{0) = and W"{0) < 0, then (2.5) 



admits a nontrivial positive solution, which is a global minimizer of J{-;Bp() in W^''^{Bji 
as long a.s R> Rc, where 

Rr = 



W"{0)' 



and Ai denotes the principal eigenvalue of —A in Wq''^{Bi) (an analogous result holds for 
(3.9) below). If we further assume that 

W'{t) > W"{0)t, t > 0, 

then (2.5), for R G (0,-Rc), has no positive solution. These assertions can be proven by 
adapting the proof of Lemma 2.1 in [44]. If in addition to (a'), W'{0) = and W"{0) < 0, 
we impose some extra assumptions on W, which are satisfied for example by W'{u) = 
u{u — a){u — fi) with < a < fi/2 not too small, it was shown in [83] that there exists 
exactly one solution for R = Rc and exactly two for R > Rc (see also [76] and the references 
therein) . 

Remark 2.6. By (2.9), via the coarea formula (see [46]), it follows that there exists a 
E (-f,-R) such that 

/ {l\VuR\^ + WiuR)]dx<2CiR''-^, R>CiC^' + 2. 

This observation makes no use of the radial symmetry of ur, and is motivated from [7]. In 
regard to the latter comment, see the clearing-out Lemma 1 in [22]. 

Remark 2.7. In case a potential W satisfies W{0) = and the domain Q has 
boundary, is bounded, and star-shaped with respect to some point in Q, the well known 
Pohozaev identity easily implies that there does not exist a nontrivial solution of (1.2) such 
that W{u{x)) > 0, X G fl (see for instance relation (11) in [10], a reference which is in 
accordance with our notation). In this regard, we also refer to Chapter 4 in [77]. Actually, 
relation (11) in the latter reference holds true for the elliptic system that corresponds to 
(1.2), and an analogous nonexistence result can be deduced in that situation as well. 

Remark 2.8. Under the stronger assumptions (a) (or more generally (a')), (b), and (c), 
considered in [50] (recall the introduction herein), motivated from the proof of Lemma 3 in 
[61], we can give a streamlined proof of relation (2.11) as follows: Firstly, note that, thanks 
to (a') and (c), there exists a positive constant Cq such that 

W{t) >co{fi-tf, 0<t<fi. 

Then, bounds (2.2), (2.6), and the above relation yield that 

(/i - URfdx < CiR''-\ (2.23) 

Br. 

where the positive constant Ci depends only on W and n. Now, note that assumption (b), 
bound (2.2), and the equation in (2.5), imply that the function fi — ur is subharmonic in 
Br, and thus we have 



A(/i - ur)^ > in 5 



12 



CHRISTOS SOURDIS 



in other words (/i — u_r)^ is also subharmonic. Consequently, by (2.23) and the mean value 
property of subharmonic functions (see Theorem 2.1 in [52]) together with a simple covering 
argument, see also the general Theorem 9.20 in [52], we deduce that 

max{fx — urY < C2-R"" / (/i — Urj^cLx < c^R'^, 

where the positive constants C2, C3 depend only on W and n. The latter inequality clearly 
implies the validity of (2.11). 

The above argument makes no use of the fact that ur is radially symmetric. Moreover, 
it works equally well if W{t) > c{fi — ty, t e [0,/i], for some constants c > and p > 2. 
Hopefully, this approach may be adapted to simplify the arguments of Section 6 in [6], where 
the De Giorgi oscillation lemma for subharmonic functions was employed instead of the mean 
value property. 

One might be tempted to apply the Harnack inequality (see Theorem 8.20 in [52]) to the 
equation 

A(/i - Ur) + Y ^^^\ (/i - Ur) = 0, XGBr, 

(/i - Ur) 

but, unfortunately, the constant involved depends on R. 

An extension of Lemma 2.1 can be shown, allowing the possibility iy(0) > 0, provided 
that the potential W satisfies: 

(a"): There exist constants /i- < and /i > such that 

= W{fi) < W{t), t e [fi-,fi), W{t) > 0, t> fi, 

W{2fi^-t) > W{t), t e [/i-,/i]. 

Note that (a") reduces to (a') when = 0. Below, we state such a result which seems to 
be new and of independent interest. 

Lemma 2.2. Assume that W E satisfies condition (a"). Let e E (0,/i) and D > D', 
where D' is as in (1.7). Then, there exists a positive constant R' > D, depending only on e, 
D, W, and n, such that there exists a global minimizer ur of the energy functional in (2.1) 
which satisfies (2.2) and (2.3), provided that R > R'. (As before, we assume that W has 
been appropriately extended outside of a large compact interval). (We have chosen to keep 
some of the notation from Lemma 2.1). 

Proof. The existence of a minimizer ur, which solves (2.5), and satisfies 

/i_ < ur{x) < fi, X E Br, 

follows as in the proof of Lemma 2.1. The main difference with the proof of Lemma 2.1 
is that the above relation does not exclude the possibility of the minimizer ur taking non- 
positive values. In particular, the method of moving planes (see [24], [51]) is not applicable 
in order to show that ur is radially symmetric and decreasing. (Nevertheless, the radial 
symmetry of nonnegative solutions of (2.5) can still be shown by the method of moving 
planes, see [71] and the references therein). Not all is lost however, thanks to Lemma 1.1 
in [3] (see also Corollary 11.10 in [63], and [37], [66]). Indeed, as we have already remarked 
in the proof of Lemma 2.1, the stability of ur (as a global minimizer) implies that it is 
radially symmetric. Next, we will show that UR{r) is a decreasing function of r, namely 
that (2.8) holds true. In view of (2.10), which still holds for the case at hand (by virtue 
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of radial symmetry alone), it suffices to show that u'j^{r) 7^ 0, r G {0,R]. We will follow 
the part of the proof of Lemma 2 in [27] which dealt with problem (1.12) with n > 3, and 
in fact show that it continues to apply for n < 2. To this end, we have not been able to 
adapt the approach of Lemma 1 in [2], which basically consists in multiplying (2.26) below 
by = max{V, 0} G W^''^{Bii) and integrating the resulting identity by parts over Bji, 
since in the problem at hand V{R) = u'^{R) may be positive. Let 



V 



u 



Ri 



and suppose, to the contrary, that V{Rq) = for some Rq G (0,-R]. We will show that the 
function 

' V{r), r G [0,i?o], 

(2.24) 

re[Ro,R], 



V{r) 



belonging in WQ''^{Bii), satisfies 



Br 



|Vy|2 + W"{ur)V^ \dx<0 



(2.25) 



which clearly contradicts the stability of uji. Differentiating (2.5) with respect to r, we arrive 

at 



- AV + W"{ur)V + 
Let C be a smooth function such that 



n 



-V = 0, xeBn\{0}. 



(2.26) 



0, tG [0,1], 

1, t G [2,00). 

Multiplying (2.26) by ( (^) V{r), with e > small, and integrating the resulting identity by 
parts over Br^ (recall that V{Ro) = 0), we find that 



c 

'Br,, ■ 

Note that 



-vc 



X 



dx = 0. 
(2.27) 



-VC 



X 



VV]dx 



< Ce 



2e 



— )■ as e — )■ 0, 



since the constant C > does not depend on e. (Note that we have silently assumed that 
N > 2, since in the case = 1 we can plainly multiply (2.26) by V and then integrate by 
parts over {—Rq,Rq)). So, letting £ — )■ in (2.27), and employing Lebesgue's dominated 
convergence theorem (see for instance page 20 in [46]), it readily follows that 



dx = 0, 



where in order to obtain the last term we used that |V^(r)| < C'r, r G [0,-R], with constant 
C > depending only on R (keep in mind that ur G C'^[0,R] with u^(0) = {ur{0)), 
see for instance page 72 in [82]). From the above relation, via (2.24), we get (2.25). We have 
thus arrived at the desired contradiction. Consequently, the monotonicity relation (2.8) also 
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holds for the more general case at hand. The rest of the argument follows word by word the 
proof of Lemma 2.1, and is therefore omitted. 

The proof of the lemma is complete. □ 

Remark 2.9. Suppose that Uf( is as in Lemma 2.1 or Lemma 2.2, and Eji as defined in 
(2.13). From (2.14), it follows that 

Enir) < Er{0) = -W ^0)) < 0, r G [0,i?], 

i.e., 

^[u'j,{r)]'<WiuR), re{0,R], (2.28) 

recall (a') and that u'r{0) = 0, see also Remark 4 in [2] for a related discussion. In passing, 
we note that every bounded solution of (1.12) satisfies 

^\Vu\^<W{u), xeW, 

provided that W is nonnegative.The proof of this gradient bound, originally due to L. Modica, 
is much more complicated than that of its radially symmetric counterpart (2.28). We refer 
the interested reader to Lemma 4.1 in [30], and to the older references that can be found 
in [4]. In turn, making use of the gradient bound (2.28), we can establish the monotonicity 
formula 

^(^X {^|V«i?P + l^(«/j)}rfx^ >0, re{0,R), (2.29) 

see [4] for a modern approach as well as the older references therein. (A similar monotonicity 
formula holds true for solutions of (1.12), and a weaker one (with the exponent n — 1 replaced 
by n — 2) holds in the case of the corresponding systems, see [4]). Now, making use of (2.6) 
and the above relation, we find that 

■j^ij^ {^|VnR|2 + iy(n^)|rfx<Ci WKe{0,R), R>2. 

We have therefore provided a proof (of a sharper version) of (2.7). It also follows from (2.29) 
that R^""'J{ur; Br) remains bounded from below by some positive constant, as i? — )> oo 
(compare with (2.6)). If W"{^) > 0, making use of (2.18), it is not hard to determine the 
constant to which R^~^J{ur\ Br) converges as i? — )■ oo, recall the last part of Remark 2.1. 

Remark 2.10. Here, for completeness, we sketch an argument related to the proof of Lemma 
2.2. By (2.2), elliptic estimates (see [52]), and a standard compactness argument, it follows 
readily that ur converges, up to a subsequence -Rj — )■ oo, uniformly on compact subsets of M" 
to a radially symmetric solution U of (1.12) such that < f/(x) < /i, x G M". Moreover, this 
solution is a global minimizer of (1.12) in the sense of (2.37) below, with = R", see [28], 
[57]. On the other hand, it is known that (1.12), for any W G C^, does not have nonconstant 
bounded, radial, global minimizers (see [81]). Obviously U = jj, (recall (a')) and, by the 
uniqueness of the limit, the convergence is for all R ^ oo. We conclude that, given any 
K > 1, we have ur fi, uniformly in Bk, as i? — t- oo. The advantage of this approach is 
that it continues to work when (2.5) is replaced by Am = Fr{\x\,u), with a suitable Fr{\x\,u) 
which converges uniformly over compact sets of [0, oo) x M to a function F{u) (the point 
being that ■^,FR{r,u) may be negative somewhere, and (2.8) may fail in Br). 

The following corollary is a simple consequence of the maximum principle. 
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Corrolarry 2.1. If W"{fi) > 0, then the solutions provided by Lemmas 2.1 and 2.2 satisfy 

- UR{r) < Cge-^^^^^"), re[0,R- 2D] for R > R', 
and some positive constants C5, Ce, depending on W and n. 

Proof. Let ip = fi — u^, where u^i is as in Lemma 2.1 or 2.2. By virtue of (a'), (2.2), and 
(2.3), we can choose e sufficiently small such that that 

W"(u) 

W'{ur{x)) < — ^ {ur{x) - /i) , X G 

provided that R > R', where D, R' are as in the previously mentioned lemmas (having 
increased the value of R', if necessary, but still depending only on e, D, W, and n). It 
follows from (2.5) that 

W"(a) 

-Aip + -^^V < in 5(K-D), R > R'. 

Now, the desired assertion of the corollary follows from a standard comparison argument, 
see Lemma 2 in [21] or Lemma 4.2 in [47]. 

The proof of the corollary is complete. □ 

Remark 2.11. A special case of Theorem 2.1 in [35] shows that the assertion of Corollary 
2.1 above can be considerably refined to 



lim R-Hn{fx-UR{Rs)) = -(1 - s)^/W"{^^), V s G [0,1], 

R^oo 

see also [14]. 

2.2. Proof of Theorem 1.2. Once Lemma 2.1 is established, the proof of Theorem 1.2 
proceeds in a rather standard way. We will present two different approaches, and leave it to 
the reader's personal taste. The first approach is based on the method of upper and lower 
solutions, while the second is based on variational arguments. 

First proof of Theorem 1.2: We will adapt an argument from the proof of Theorem 
2.1 in [39], and prove existence of the desired solution to (1.2) by the method of upper and 
lower solutions (see for instance [64], [74]). Let e G (0,yu) and D > D', where D' is as in 
(1.7), and R' be the positive constant, depending only on e, D, W, and n, that is described 
in Lemma 2.1. Suppose that Q contains a closed ball of radius R'. We use u{x) = /x, x E Q, 
as an upper solution (recall that W'{fi) = 0), and as lower solution the function 

{Udist{p,an){x - -P), X e Bdist{p,dn){P), 
(2.30) 
0, X eQ\BdistiP,dn){P), 

for some P G Qr' (considered fixed for now), where ur is as in Lemma 2.1 (here we used 
that iy(0) < and Proposition 1 in [15] to make sure that Up is a lower solution). In view 
of (2.2) and (2.3), keeping in mind that 

dist(P,9fi) > i?', (2.31) 

it follows that 

Up{x) < u{x) = fi, X e Q, and fi-e<Up{x), x e B(^dist{p,dn)-D){P)- (2.32) 

In the case where Q is bounded, it follows immediately from the method of monotone it- 
erations, see Theorem 2.3.1 in [74] (see also the book [53] for the corresponding elliptic 
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estimates that are required in case the domain has corners, and [41]), that there exists a 
solution u e C^{n) n of (1.2) such that 

Up{x) < u{x) < u{x) = /i, X ^ Q, 

(have in mind that the solution u depends on the choice of the center P). The same property 
can also be shown in the case where Q is unbounded, by exhausting it with a sequence of 
bounded domains, see Theorem 2.10 in [65] (also recall our discussion following the statement 
of Theorem 1.2), see also [67, 69]. We have thus established the existence of a solution u 
of (1.2) that satisfies (1.3), and the lower bound (1.9) in the region -B(dist(p,on)-D)(-P) (recall 
(2.2), (2.3), and (2.31)), or equivalently in P + i?(dist(p,(9n)-D) ^ -P + It remains to 

show that the latter lower bound is valid in Q^r + B(^^r^£)y Observe that, as we vary the point 
P in Qr', assuming for the moment that Qr' has a single arc-wise connected component, the 
functions Mp's continue to be lower solutions of (1.2). Consequently, by Serrin's sweeping 
principle (see [32, 34, 74]), we deduce that 

Uq{x) < u{x), xen, V g G Qr^, (2.33) 

(see also the proof of Lemma 3.1 in [32]). The validity of the lower bound (1.9), over the 
whole specified domain, now follows from (2.3), (2.30), (2.31), and (2.33). In the case where 
the domain Qr/ has numerable many arc-wise connected components, we can use the function 
max{up^, -i = 1, ■ ■ ■ } as a lower solution, where the up/s are as in (2.30) with each center Pj 
belonging to a different component of Qr/. (We use again Proposition 1 in [15], keep in mind 
that the maximum is essentially chosen among finitely many functions). The case where 
there are denumerable many arc-wise connected components of Qr> can be treated similarly. 

If W"{fi) > 0, the validity of (1.5) for x G Qr' follows at once from Corollary 2.1 and 
relations (2.30), (2.33). If dist(x, 9^2) < R', then plainly observe that 

12 - u{x) < /i = /ie^'e"^' < /ie^'e-^'^*("'^"). (2.34) 

The first proof of the theorem is complete. □ 

Remark 2.12. Since it is constructed by the method of upper and lower solutions, we know 
that the obtained solution u is stable (with respect to the corresponding parabolic dynamics), 
see [64, 74], namely the principal eigenvalue of 

-A(p + W"{u)(f = X(f, X e Q; (f = 0, X e dQ, 

in nonnegative. In the case of unbounded domains, some extra care is needed in the definition 
of stability, see [27, 38]. 

Second proof of Theorem 1.2: Assume first that Q is bounded. As in the proof of 
Lemma 2.1, there exists a global minimizer Umin of the energy 

J{v;n) = j l^lVv^^ + W{y)^dx, vE l^o'^(fi), 

which furnishes a classical solution of (1.2) such that < Umin{x) < /i, x G fi. Again, by the 
strong maximum principle, either Umin is identically equal to zero or it is strictly positive in 
VL. We intend to show that there exists an P^ > 0, depending only on W and n, such that 
Umin is nontrivial, provided that VL contains some closed ball of radius P*. 
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For the sake of our argument, suppose that Umin is the trivial solution. Then, motivated 
from Proposition 1 in [1] (see also [28], [59] and [68]), assuming without loss of generality 
that -B_R+2 C Q for some i? > 0, we consider the function 



Z(x) 



0, X G n\BR+i, 

fi{R+l-\x\), xeBr+.XBr, (2.35) 
/i, X e Br. 



Since Z G Wq' (fi), from the relation J(0; f2) < J(Z;f2), and recalling that W{jj,) = 0, we 
obtain that 



J(0;5r+i)< / ll\VZ\'' + W{Z)]dx<CoR''-\ 
JBr+i\Br J 



(2.36) 



with Co depending only on W and n. In turn, the above relation implies that 

|5^,+i|W^(0)<Coi?"^\ 

which cannot hold if R> is sufficiently large, depending on W and n. Consequently, the 
minimizer Umin is nontrivial, provided that fl contains some closed ball of radius i?,^. From 
our previous discussion, we therefore conclude that u-^m satisfies (1.3). 

Let e G (0,/i) and D > D', where D' is as in (1.7). Suppose that fl contains a closed ball 
of radius R', where R' is as in the assertion of Lemma 2.1; without loss of generality, we may 
assume that R' > R^. Relation (1.9) now follows by applying Lemma A. 2 below, over every 
closed ball of radius R' contained in VL, and recalling Lemma 2.1. Note that, as in Remark 
2.3, the unique continuation principle implies that 

Umin minimizes J{v\ V) in v — u„iin G (^) for 

every smooth bounded domain V dVL. 

(2.37) 

The case where VL is unbounded can be treated by exhausting it by an infinite sequence of 
bounded ones, where the above considerations apply (see also [68]). The minimizers over 
the bounded domains (extended by zero outside) converge locally uniformly to a solution 
u of (1.2) that satisfies (1.3) (the latter solution is nontrivial by virtue of the lower bound 
u{x) > /i — e, X E i?(R/_D)(a:o) for some xq G VLri, which is valid since we may assume that 
each one of the bounded domains contains the same closed ball Bri{xq)). This solution of 
(1.2), on the unbounded domain f2, found in this way, may have infinite energy but is still a 
global minimizer in the sense of Definition 1.2 in [57], namely satisfies (2.37). As before, it 
satisfies (1.9). 

If W"{^) > 0, the validity of (1.5) follows at once from Corollary 2.1, Lemma A. 2 below 
(applied on every ball Bdist{x,dn){x), x G ^Ir'), and the observation in (2.34). 
The second proof of the theorem is complete. □ 

Remark 2.13. If W is as in Remark 2.4, and Q is bounded with smooth boundary (at least 
C^), in view of the latter remark and Theorem 2 in [79], the solutions of Theorem 1.2 that 
we found by the two different approaches are actually the same, if e is chosen sufficiently 
small. 

Remark 2.14. Assume that the domain Q is symmetric with respect to the hyperplane 
Xi = 0. Then, since the solution of (1.2), provided by the second proof of Theorem 1.2, 
is a global minimizer of the associated energy (in the sense described above, in case Q is 
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unbounded), it follows from Theorem II. 5 in [63] (applied on symmetric bounded domains, 
with respect to the hyperplane Xi = 0, exhausting Q) that the latter solution is symmetric 
with respect to this hyperplane. Note that, if in addition the domain Q is bounded and 
convex in the Xi direction, this assertion holds true for any positive solution of (1.2) by 
virtue Theorem 2 in [24] (proven by the method of moving planes). Clearly, if uniqueness 
holds for positive solutions of (1.2) (recall Remark 3.2), these assertions follow at once (see 
also Remark 1.3 in [50]). 

3. Extensions 
Suppose that ly : M — ?> M is and there are positive numbers 

fii < ■ ■ ■ < fim, m>2, 

such that 

W{fi,)>--->W{fim), W'{0)<0, W'{fi,) = 0, z = l---,m, 

and 

W{t)>W{fii), t e[0,fii), i = !,■■■ ,m. 

Note that at the points /ij, the potential W has either minima or saddles. 

Obviously, we can extend W outside of [0,/ii], to a potential Wi, in such a way that 
condition (a') is satisfied with Wi{t) — W {fii) in place of W and /Xj in place of /i, z = 1, ■ ■ ■ , m. 
Next, consider any 

eeio, min {fii - f^i-i) ) , (3.1) 

\ j=l,---,m y 

with the convention that /io = 0, and any 

A > D[ where D'^ solve U, (L>0 = /^i - e, z = 1, ■ ■ ■ , m, (3.2) 

where 

U:'(s) = W (U,(s)) , s > 0; U,(0) = 0, lim U,(s) = (3.3) 

By means of Theorem 1.2, there exist positive numbers R[ > -Dj, depending only on e, Di, 
Wi, i = 1, ■ ■ ■ , m, and n, such that if Q contains a closed ball of radius R'^ then there exists 
a solution Ui of 

Au = W-{u), xeQ, u{x) = 0, xe dQ, (3.4) 

satisfying 

< Ui{x) < Hi, X G VL, (3.5) 

and 

< /ij - e < Ui{x), X e VLri^ + 2 = 1, ■ ■ ■ , m. (3.6) 

In view of (3.5), we conclude that Ui solves the original problem (1.2). Thus, given e and 
Di as in (3.1) and (3.2) respectively, if VL contains a closed ball of radius i?", where R" = 
maxj=i^...^m -Ri, we find that (1.2) has at least m positive solutions which satisfy (3.5)-(3.6). 
Moreover, keeping in mind Remark 2.12, we know that these solutions are stable. 

These solutions may be chosen to be ordered, in the usual sense. In other words, given 
e and Di as in (3.1) and (3.2) respectively, there are at least m positive, stable solutions of 
(1.2) such that 

ui{x) < ■ ■ ■ < Um{x), X G fi, 1 < i < m, (3.7) 
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and (3.5)-(3.6) hold (we have chosen to keep the same notation). Indeed, the solution Ui 
can be captured by using the constant function /ij as an upper solution; and the function 
max{ui-i{x) , Up} as lower solution, where Up is the lower solution in (2.30) but with Wi(t) — 
W{fii) in place of W(t), i = 1, ■ ■ ■ ,m, and uo = 0. (We use again Proposition 1 in [15] to 
make sure that it is a lower solution). As in the first proof of Theorem 1.2, we can sweep with 
the family of lower solutions Wq, Q € flR'_ to extend the lower bound on Ui (due to (2.3)) 
from B(^pi__p, to Vtp'^ + B(^p>,_£).y Moreover, the strong inequalities in (3.7) follow from 
the strong maximum principle. Naturally, the obtained solutions are stable (recall Remark 
2.12). 

We have just proven the following: 

Theorem 3.1. Suppose that Q and W are as described in this section. Let e and Di be as in 
(3.1) and (3.2) respectively. There exist positive constants i?^ > Di, i = 1, - ■ ■ , m, depending 
only on e, D^, W and n, such that if VL contains a closed ball of radius R" = maxj=i ... 
then problem (1.2) has at least m stable solutions Ui, ordered as in (3.7), such that (3.5)-(3.6) 
hold true. 

On the other hand, assuming that Q is bounded and smooth (a boundary suffices), the 
theory of monotone dynamical systems (see Theorem 4.4 in [64]) guarantees the existence of 
at least m — 1 unstable solutions Ui, i = 1, - ■ ■ , m — 1, of (1.2) such that 

Ui{x) < Ui{x) < Mj+i(x), X eVL, i = 1, ■ ■ ■ , m — 1. (3.8) 

This can also be shown by the well known mountain pass theorem, see [42]. 

Remark 3.1. The extra assumptions on f2 were only required in order to apply Theorem 
4.4 in [64]. 

In summary, we have 

Theorem 3.2. Suppose that, in addition to the hypotheses of Theorem 3.1, the domain Vt 
is assumed to be smooth and bounded. Then, besides of the m stable solutions Ui that are 
provided by Theorem 3.1, there exist at least m — 1 unstable solutions Ui of (1.2), ordered 
as in (3.8) (keep in mind (3.7)). 

The above theorem extends an old result of P. Hess [54], in the context of nonlinear 
eigenvalue problems (which are included in our setting, see below), where the additional 
assumption that iy(0) < was imposed (see also [26] for an earlier result in the case 
n = 1). In the same context, the case iy(0) = was allowed in [42], at the expense of 
assuming that W'{^i) 7^ 0, z = 1, ■ ■ ■ ,m, and some geometric restrictions on the domain. 
All these references considered nonlinear eigenvalue problems of the form 

Am = \^W\u), X eV, u{x) =0, xE dV, (3.9) 

where P is a smooth bounded domain of M". By stretching variables x h-> X^^x, assuming 
that E V (this we can do without loss of generality), keeping the same notation, we are 
led to the equivalent problem: 

An = W'{u), X En, u{x) =0, XE dn, (3.10) 

where fl = XV, for A > 0, which is plainly problem (1.2). If A is sufficiently large, then 
certainly the domain Q contains the ball Bp//, appearing in the assertion of Theorem 3.1, 
but not the other way around. In contrast to our approach of using upper and lower solu- 
tions, De Figueiredo in [42] obtained the corresponding stable solutions as minimizers of the 
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associated energy functionals (with W suitably modified outside of [0,/ij], i = 1, ■ ■ ■ ,m), 
and a geometric condition had to be imposed on the domain in order to ensure that they 
are distinct for large A. In our case, the fact that they are distinct follows at once from (3.5) 
and (3.6). As we have already pointed out, in [42], the unstable solutions were constructed 
as mountain passes (saddle points of the energy). 

Remark 3.2. It has been proven in [34] that if W'{t) < 0, t E (0,/i), W'{0) < 0, or 
W'{0) = but W"{0) < 0, W'ifi) = 0, and W" > near /i, then (3.9) has a unique solution 
with values (0,/i) when A is large, see also [12]. 

Remark 3.3. If D is a bounded domain with boundary satisfying the interior ball condition 
(see [52], a sufficient condition for this is that the boundary is C^), it follows from the 
proof of Theorem 1.2 that the corresponding stable solutions of (3.9), provided by Theorem 
3.1, develop a boundary layer of size C(A~^), as A — j- oo, along the boundary of V (see 
Proposition 4.1 below for more details, and compare with the proof of Theorem 1.1 in [60], 
as well as with Theorem 4 in [42] and Lemma 2 in [58]). Loosely speaking, the stable 
solutions Ui converge uniformly to /ij on the domain V excluding the strip that is described 
by dist(a;,9r') < |lnA|"|A-\ a > 0, as A — )■ oo. It follows from (3.8) that the corresponding 
unstable solutions of (3.9), provided by Theorem 3.2, also develop a boundary layer. 

In fact, if W"{fii) > 0, the fine structure of the boundary layer of Ui is determined by the 
unique solution of the problem (3.3), see [12] and Remark 4.4 below. On the other hand, 
the unstable solutions Ui typically have an upward sharp spike layer on top of Ui, near the 
most centered part of the domain V, whose fine structure is determined by the problem 

AV = W'{V + jji) inW; V{x) ^ 0, |x| ^ oo, 

see [35], [36], and [56]. 

4. On the boundary layer of global minimizers of singularly perturbed 

elliptic equations 

In this section, assuming (a'), we will prove a general result on the size of the boundary 
layer of solutions of (3.9), which minimize the associated energy functional, as A — > oo (recall 
also Remark 3.3). Setting e = A^^ — ?■ 0, gives rise to a singular perturbation problem (recall 
Remark 2.1). 

We emphasize that, in contrast to previous results in this direction, as Theorem 1.1 in 
[60], here the size of the boundary layer is shown to be independent of the dimension n. 
This is due to our previous improvement over Lemma 2.2 in [60] that was made in Lemma 
2.1 herein (recall the discussion preceding it, and also see Remark 4.3 below). The point is 
that we have not assumed any nondegenderacy on W at /i; in the case where W"{iJ,) > 
or n = 2, the structure of the boundary layer is well understood (recall Remark 3.3). For a 
different possible approach to this, see Remark 4.4 below. 

The main result in this section is 

Proposition 4.1. Suppose that "D is a bounded domain in M", n > 1, whose boundary 
satisfies the interior ball condition (recall Remark 3.3), and let W satisfy assumption (a'). 
Consider any e G (0,/i) and D > D', where D' as in (1.7). There exists a positive constant 
A^,, depending only on e, D, V, and W, such that there exists a solution ux of (1.2), which 
minimizes the associated energy functional, satisfies (1.3) and 

ux{x) > iJ^-e, X e t>^Dx-i), (4.1) 
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provided that A > A* (recall the definition (1.6), and note that 'P(z)a-i) is a connected domain 
for large A). (See also the comments at the end of the assertion of Lemma 2.1) 

Proof. As in the second proof of Theorem 1.2, recalling the discussion leading to (3.10), there 
exists a smooth solution of (3.9), which minimizes the associated energy and satisfies (1.3), 
provided that A is sufficiently large, say A > Aq, depending not just on W but this time also 
on the domain V. 

By the properties of the domain, there exists a radius ro > and a family of balls 
Bro{q) ^ G dQro such that, for each such q, the closed ball Brail) touches &D at 

exactly one point. 

Let e G (0, /i) and D > D', where D' as in (1.7). It follows from Lemma 2.1 (after a simple 
re-scaling) that there exists an A^, > 0, depending only on e, D, W, and V (in terms of tq), 
and a global minimizer of the associated energy to the equation of (3.9) in Wq'^ {Bralq)) 
such that 

< <;,(x) < fi, X e Broiq), and <q(x) > ^ - x e I3(^ro-DX'^)iq), 

provided that A > A*. (Without loss of generality, we may assume that A* > Aq). Thanks 
to Lemma A. 2, we obtain that ux{x) > u^^^{x), x G Brg{(l)- Since the center q was any point 
on &Dr„, it follows that assertion (4.1) holds true for x such that 

DX^^ < dist(x, dV) < 2ro - DX-\ (4.2) 

If W'{t) < 0, t E [fi — 2e,fi), then the validity of (4.1), over the entire specified domain, 
follows via Lemma A. 3 (this is also the case when W'{t) < for /i — t > small, recall 
Remark 2.3). Otherwise, we proceed as follows, see also Lemma 2 in [58]: Firstly, we cover 
T>j.o by a finite number of balls of radius y with centers on P^o- Secondly, if necessary, we 
increase the value of A* such that D\~^ < y. Lastly, we apply Lemma A. 2 to show that 

ux{x) > <^(x) > - e, X e B^ro-DX~^){p) ^ Br^{p), 

for every center p of the finite covering of V^q, if A > A^,. The desired estimate (4.1) now 
follows from the comments leading to (4.2) and the above relation. 

The proof of the proposition is complete. □ 

Remark 4.1. A similar result also holds if the domain I) is unbounded. 

Remark 4.2. The asymptotic behavior of uniformly bounded from above and below (in 
A), stable solutions of (3.9), where V C R" is bounded and smooth, as A — )■ oo, has been 
studied in [38] in dimensions n = 2, 3 by techniques that were used for the proof of De 
Giorgi's conjecture in low dimensions. In fact, since global minimizers are stable, and since 
assumption (a') implies that Vr'(O) < 0, the assertions of Proposition 4.1 when n = 2 
follow readily from Theorem 6 in [38]; the same is also true when n = 3, provided that the 
monotonicity assumption (b) from our introduction holds. 

Remark 4.3. Let e, D, i?' > be as in Lemma 2.1. A simple rescaling (see also the 
proof of Theorem 1.1 in [60]), Lemma 2.1 and Lemma A. 2, yield that the solution of (3.9), 
described in Proposition 4.1, satisfies /i — ux{x) > e, if dist(x, dV) > DX~^, provided that A 
is sufficiently large. Note that relation (2.11) yields the same estimate but over the smaller 
region dist(x, (91^) > yA~^, which depends on n, 
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Remark 4.4. Blowing up a global minimizer u\ of Proposition 4.1 at a point Xq G dV, up 
to a subsequence, we find that 

u\ (xo + Ay) ^U{y), 

uniformly on compacts, as A — ?■ oo, where f/ is a nonnegative, global minimizer (in the sense 
of (2.37)) of the following half-space problem 

Am = W'{u), y G Wl; u{y) = 0, y G dM.1, 

see [12], [38] for more details, where M" = {(yi, ■ ■ ■ , yn) '■ yi > 0}. This solution is nontrivial 
by virtue of Remark 4.3. Hence, by the strong maximum principle, recall (a'), we deduce 
that U is positive in M^. As before, combining Lemmas 2.1 and A. 2, we obtain that 

u{y) fi as yi ^ oo, uniformly in (ya, ■ ■ ■ , i/n) G 

(assertion (2.11) is sufficient for this). It follows from Theorem 1.4 in [18] that U depends 
only on the yi variable and is V{yi) as described in (1.8). (If W"{fi) > then this has been 
shown earlier in [12], see also [17], [32] for the weaker case (2.22)). 

Remark 4.5. By adapting the proof of Lemma 2.3 in [60] and that of our Proposition 4.1, 
we can study the boundary layer of globally minimizing solutions of inhomogeneous singular 
perturbation problems of the form 

e'^Au = Wu{u,x), X eV; u{x)=0,xedV, 

as e — J- 0, for appropriate righthand side that is more general than the ones considered in 
[19, 20, 45, 60] (roughly, we want (a') to hold for every fixed x with a{x) instead of for a 
smooth function a). 

Appendix A. Some useful "comparison" lemmas of the calculus of 

VARIATIONS 

The following is essentially Lemma 2.1 in [50]. 
Lemma A.l. Let C C M'' be an open set and let v G ly^'^(O). Define v : O ^ R as 

v{x) if v{x) G [0, /i]. 



v(xi 



fi if v{x) G (— oo, — /i) U (yU, oo) 



—v{x) if v{x) G (— /i, 0). 
Then v G H^^'^(O) and, if W is C*^ and satisfies (a'), we have 

/ |^|V^'r + ^(^)}^^ < j l^lVtf + iy(i;)|da;. 

Proof. (Sketch) Firstly, note that v = G{v), x G O, for some Lipschitz (piecewise linear) 
function G : M — )■ M. Thus, v G W^'^{0), see for instance [46]. Then, to finish, note that 

|Vi;| < \Vv\ and, thanks to (a'), W{v) < W{v) a.e. in O, 

(the former inequality may be proven as in Lemma 2.9 in [73]). □ 

The following is Lemma 2.3 in [37], which is reproduced in Lemma 1 in [58] and Lemma 
2.1 in [60], see also Theorem 1.4 in [49] and Lemma 3.1 in [57]. 
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Lemma A. 2. Let "D be a bounded domain in with smooth boundary. Let gi{x, t),g2{x, t) 
be locally Lipschitz functions with respect to t, measurable functions with respect to x, and 
for any bounded interval I there exists a constant C such that sup^^i,,tei \9i{^^t)\ < C, 
i = 1,2, holds. Let 

Gi{x,t) = / gi{x,s)ds, i = l,2. 
Jo 

For r]i G W^''^(T>), i = 1,2, consider the minimization problem: 

mf{Ji{u;V)\u-r]ieWo'^(V)}, where Ji{u;V) = j |^|Vnp - ^^(x, n)| dx. 

Let Ui G W^''^{T>), i = 1,2, be minimizers to the minimization problems above. Assume that 
there exist constants m < M such that 

• m < Ui{x) < M a.e. for i = 1,2, x 

• gi{x,t) > g2{x,t) a.e. for x G P, t G [m, M], 

• M > ?7i(x) > ri2{x) > m a.e. for x eT). 

Suppose further that rji G W^^'^(P) for any p > 1, and that they are not identically equal on 
dV. Then, we have 

ui{x) > U2{x), X E V. 

The following is a nontrivial extension of Lemma A.l, see [7]. 

Lemma A. 3. Let Q C M", n > 1, be a bounded connected set with Lipschitz boundary and 
W : M™ — M, m > 1, be a nonnegative potential such that 

\^W{Q + Xe), with |e| = 1, 

forms a strictly increasing function on [0, ro), where Q G is a global minimum of W such 
that W{Q) = and Tq is a fixed positive constant. Further, let A G Q be an open set with 
nonempty Lipschitz boundary. Moreover, assume that 

(1) u G W^'\Q)nC\Q), 

(2) \u{x) - Q\ <r on dAnQ for some r G (O, f ), 

(3) \u{xo) — Q\ > r for some xq G A. 
Then, there exists u G W^'^{Q) such that 

u{x) = u{x), X G il\A, 
< \u{x) — Q\ < r, X e A, 

. /n{ilVSp + iy({i)}dx < /^{||Vn|2 + l^(n)}rfa;. 

For an extension of the above lemma, when n = 1 and the ball Bj.{Q) C is replaced 
by a convex set, see [8]. 
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